In this paper we will show that there does not exist a distanceregular graph Γ with intersection array {80, 54, 12; 1, 6, 60}. We first show that a local graph ∆ of Γ does not contain a coclique with 5 vertices, and then we prove that the graph Γ is geometric by showing that ∆ consists of 4 disjoint cliques with 20 vertices. Then we apply a result of Koolen and Bang to the graph Γ, and we could obtain that there is no such a distance-regular graph.
Introduction
In this paper we will show that there does not exist a distance-regular graph Γ with intersection array {80, 54, 12; 1, 6, 60}. In order to do so, we will first study the claw-bound that was introduced by Bose in the case of pseudo geometric strongly regular graphs [1] . We note that a similar bound for amply-regular graphs with an s-claw was shown by Godsil [4] and that Koolen and Park [6] also studied the claw-bound for distance-regular graphs and they mentioned that three known examples of Terwilliger graphs with c 2 ≥ 2 meet equality in the claw-bound. After that, Gavrilyuk [3] showed that if an amply-regular Terwilliger graph with c ≥ 2 attains equality in the clawbound, then the graph is one of the known Terwilliger graphs.
Next, we will show that for a given vertex x of Γ, the subgraph ∆ induced on the neighbors of x does not contain a coclique of size 5. From the clawbound, it is easy to see that ∆ does not contain a coclique of size 6. One may think that non-existence of a coclique of size 5 follows from the result of Gavrilyuk [3, Theorem 4.2] , but it is not true because his result works if for any non-adjacent two distinct vertices in ∆, there exists a coclique of size 5 containg them. So, we need to give a proof to show that ∆ does not contain a coclique of size 5 without using the result of Gavrilyuk. Also, we remark that Gavrilyuk [3, Theorem 4.2] missed to state that the graph is Terwilliger.
Finally, we will show that ∆ consists of 4 disjoint cliques of size 20. This shows that the graph Γ is geometric and then a result by Koolen and Bang [5] finishes the proof. For undefined terminologies, see Section 2 or [2, 7] .
Preliminaries
All the graphs considered in this paper are finite, undirected and simple. The reader is referred to [2] for more information. Let Γ be a connected graph with vertex set V (Γ). The distance d Γ (x, y) between two vertices x, y ∈ V (Γ) is the length of a shortest path between x and y in Γ. The diameter D = D(Γ) of Γ is the maximum distance between any two vertices of Γ. For each x ∈ V (Γ), let Γ i (x) be the set of vertices in Γ at distance i from x (0 ≤ i ≤ D). In addition, define Γ −1 (x) = ∅ and Γ D+1 (x) = ∅. For the sake of simplicity, let Γ(x) = Γ 1 (x) and we denote x ∼ y if two vertices x and y are adjacent. In particular, Γ is regular with valency k if k = |Γ(x)| holds for all x ∈ V (Γ). For a vertex x of Γ, the number |Γ(x)| is called the valency of x in Γ.
For any two vertices x, y at distance i = d Γ (x, y), we consider the numbers
We say that intersection number a i (b i and c i , respectively) exists if the number a i (x, y) (b i (x, y) and c i (x, y), respectively) does depend only on i = d Γ (x, y) not on the choice of (x, y) with d Γ (x, y) = i. For a connected graph Γ with diameter D, the adjacency matrix A = A(Γ) is the matrix whose rows and columns are indexed by V (Γ), where the (x, y)-entry is 1 whenever x ∼ y and 0 otherwise. The eigenvalues of Γ are the eigenvalues of A(Γ).
A clique in a graph is a set of pairwise adjacent vertices. A complete graph is a graph whose vertex set is a clique. And a coclique in a graph is a set of pairwise non-adjacent vertices. A graph with vertex set as a clique is called a complete graph. For a distance-regular graph Γ with valency k, diameter D ≥ 2 and the smallest eigenvalue θ D , it is known that the size of a clique C in Γ is bounded by
A distance-regular graph Γ with diameter D ≥ 2 is called geometric if there exists a set C of Delsarte cliques such that each edge of Γ lies in a unique C ∈ C.
For a distance-regular graph Γ with diameter D, let C, C ′ be non-empty subsets of V (Γ) and x be a vertex of Γ. We write
We write B xi (C) := |C ∩ Γ i (x)| and the numbers B xi (C) (i = 0, 1, . . . , D) are called the outer distribution numbers of C. A non-empty subset C of V (Γ) with covering radius ρ(C) is called a complete regular code, if the outer distribution number B xi (C) is dependent only on i and d Γ (x, C), i.e., there exist numbers e ℓi (ℓ = 0, 1, . . . , ρ(C), i = 0, 1, . . . , D) such that for all vertices x of Γ and i ∈ {0, 1, . . . , D}, we have B xi (C) = e ℓi , where ℓ = d Γ (x, C). We write ψ i (C) := e ii for i = 0, 1, . . . , ρ(C). Assume that Γ is a geometric distance-regular graph with a set C of Delsarte cliques and diameter D. For a given interger j ∈ {0, 1, . . . , D} and any pair of vertices x, y ∈ V (Γ) with d Γ (x, y) = j, we denote the number of cliques C ∈ C that contain y and
In 2010, Koolen and Bang [5] showed the following two results, and they are important to prove Theorem 5.6. Lemma 2.1. (cf. [5, Lemma 4.1] ) Suppose that Γ is a geometric distanceregular graph with valency k ≥ 2, diameter D ≥ 2 and smallest eigenvalue θ D . Then the following hold: [5, Lemma 4.2] ) Let Γ be a geometric distance-regular graph with diameter D ≥ 2 and intersection number c 2 ≥ 2. Then τ 2 ≥ ψ 1 holds.
The claw-bound
In this section we recall the claw-bound which was found by several authors. For example, Bose introduced it for the class of pseudo geometric strongly regular graphs [1], Godsil [4] showed it for amply-regular graphs, Koolen and Park [6] worked on the claw-bound for distance-regular graphs and Gavrilyuk [3] gave further results on the claw-bound for amply regular graphs. In the following lemma, we will reprove the claw-bound because the equality case in the claw-bound is important in this paper. Proof. Assume thatC has vertives y 1 , y 2 , . . . , y s . We note that |Γ(y i ) ∩ Γ(y j )| ≤ c for all 1 ≤ i < j ≤ s. Then by the principle of inclusion and exclusion, we have
This shows that n ≥ s(k + 1) − s 2 c, and equality implies that any vertex outsideC has at least one neighbor inC and any vertex of Γ has at most two neighbors inC, and
A connected graph Γ is called amply regular with parameters (k, a, c) if Γ is a regular graph with valency k satisfying that any pair of adjacent vertices of Γ have exactly a common neighbors and any two vertices of Γ at distance 2 have c common neighbors. For a vertex x of a graph Γ, the local graph ∆ = ∆(x) at x is the subgraph induced on the neighbors of x. Note that for a vertex x of an amply regular graph Γ with parameters (k, a, c), any maximal coclique in the local graph ∆(x) has at least k a+1
vertices.
By applying Lemma 3.1 to local graphs of amply regular graphs we obtain the following proposition. Proposition 3.2. Let Γ be an amply regular graph with parameters (k, a, c). Let x be a vertex of Γ and let C be a maximal coclique of size s in the local graph ∆(x). Then
holds. Moreover, if equality holds in (2) , then any vertex z of ∆(x) which is not in C, has at least one neighbor and at most two neighbors in C, and
Proof. This result immediately follows from Lemma 3.1.
Gavrilyuk [3] showed the following: Note that in [3, Theorem 4.2] the assumption that the graph has to be Terwilliger is missing.
No coclique with 5 vertices in a local graph
In this section, we will show that any local graph ∆ of a distance-regular graph Γ with intersection array {80, 54, 12; 1, 6, 60} does not contain a coclique with 5 vertices. Note that Γ has eigenvalues 80, 26, 5 and −4 with multiplicities 1, 80, 144 and 720 respectively. Also we note that ∆ is a regular graph with 80 vertices and valency 25.
In the following lemma, we will study some properties of maximal cliques in a local graph ∆ of Γ.
Lemma 4.1. Let Γ be a distance-regular graph with intersection array {80, 54, 12; 1, 6, 60}. Let x be a vertex of Γ and let ∆ := ∆(x) be the local graph at x. Let C 1 and C 2 be two maximal cliques in ∆ with v 1 and v 2 vertices respectively. Then the following hold:
(ii) v 1 ≤ 20 and if equality holds, then every vertex z of ∆ which is not in C 1 has exactly 2 neighbors in C 1 .
(iii) If v 1 and v 2 are both at least 11, then C 1 and C 2 intersect in at most 4 vertices.
Proof. (i): It follows by Theorem [2, Theorem 4.4.3] , that the smallest eigenvalue of ∆ is at least −1 − = 21 vertices and if equality holds, then any vertex adjacent to C has exactly 3 neighbors in C. This shows (ii). (iii): Without loss of generality, we assume that 11 ≤ v 1 ≤ v 2 ≤ 20. And we assume that C 1 and C 2 intersect in at least 5 vertices. As c 2 = 6, C 1 and C 2 intersect in exactly 5 vertices. We denote the set of the five commnon vertices of C 1 and C 2 by I. Let π = {(C 1 ∪ C 2 ) \ I, I} be a partition of the union of C 1 and C 2 . And we consider the quotient matrix Q corresponding to π. Then Q is of the form Q = 4
. Note that the smallest eigenvalue of Q is less than −3 for all 11 ≤ v 1 ≤ v 2 ≤ 20. By interlacing, the smallest eigenvalue of ∆ is also less then −3. This contradicts (i). So, C 1 and C 2 intersect in at most 4 vertices. (iv): As v 1 + v 2 ≥ 31, v 1 and v 2 are both at least 11. By (iii), we know that C 1 and C 2 do intersect in at most 4 vertices. Suppose that C 1 and C 2 have a common vertex, say x. Then x has at least 3 + (31 − 8) = 26 neighbors in ∆. This contradicts that the valency of ∆ is 25. So, C 1 and C 2 have no common vertex.
We will show that any coclique in a local graph ∆ of Γ has at most 4 vertices. From Proposition 3.1, one can easily see that ∆ does not contain a coclique with 6 vertices. Now we will first study the following lemmas, and then in Proposition 4.5, we will prove that ∆ does not contain a coclique with 5 vertices.
For vertices x 1 , . . . , x s of ∆, we define the graphs∆(x 1 , . . . , x s ) as the subgraph of ∆ induced on the vertices of ∆ that are not adjacent to all of x 1 , . . . , x s . By Proposition 3.2, statements (i) and (ii) follow. Note that∆(y 1 , y 2 , y 3 , y 4 ) has 25 + 1 − 4 × 5 = 6 vertices. As ∆ does not contain a coclique with 6 vertices,∆(y 1 , y 2 , y 3 , y 4 ) is a complete graph. This shows (iii). We note that, by (i) and (ii), the graph∆(y 1 , y 2 , y 3 ) has 80 − 3 × (25 + 1) + 3 × 5 = 17 vertices. Let z 1 be a vertex of∆(y 1 , y 2 , y 3 ). If z 1 is adjacent to all other vertices in∆(y 1 , y 2 , y 3 ), then the valency of z 1 in∆(y 1 , y 2 , y 3 ) is 16. So let us assume that there exists a distinct vertex z 2 not a neighbor of z 1 in∆(y 1 , y 2 , y 3 ). Then {y 1 , y 2 , y 3 , z 1 , z 2 } is a coclique with 5 vertices in ∆. By (i) and (ii), both z 1 and z 2 have valency 10 inside∆(y 1 , y 2 , y 3 ). This shows (iv). In a similar manner as in (iv), we see that∆(y 1 , y 2 ) has 80−2×(25+1)+5 = 33 vertices. By (i) and (ii), it follows that any vertex of∆(y 1 , y 2 ) has valency at least 25 − 2 × 5 = 15. As the number of vertices of∆(y 1 , y 2 ) is odd, we see, by the handshaking lemma, that∆(y 1 , y 2 ) has a vertex with even valency. This shows (v).
From Lemma 4.2 (v), we know that∆(y 1 , y 2 ) has a vertex with valency at least 16. In the following lemma, we will study properties of a vertex with valency at least 16 in∆(y 1 , y 2 ). Lemma 4.3. Let Γ be a distance-regular graph with intersection array {80, 54, 12; 1, 6, 60}. Let x be a vertex of Γ and let ∆ := ∆(x) be the local graph at x. Assume that ∆ contains a cocliqueC with vertices y 1 , y 2 , y 3 , y 4 , y 5 . Let z be a vertex of∆(y 1 , y 2 ) with valency at least 16 (in∆(y 1 , y 2 )). Then any maximal coclique in ∆ containing y 1 , y 2 and z has exactly 4 vertices and z is adjacent to exactly two of y 3 , y 4 and y 5 . Moreover, if z is adjacent to y i and y j for i = j ∈ {3, 4, 5}, then z has valency 16 in∆(y 1 , y 2 , y h ) for h ∈ {3, 4, 5} \ {i, j}.
Proof. If there exists a maximal coclique in ∆ with 5 vertices containing y 1 , y 2 and z, then by Lemma 4.2 (i) the valency of z in∆(y 1 , y 2 ) is 15, and this contradicts that z has valency at least 16 in∆(y 1 , y 2 ). So, any coclique in ∆ containing y 1 , y 2 and z has at most 4 vertices. As 26 × 3 < 80, any coclique in ∆ containing y 1 , y 2 and z has exactly 4 vertices. By Lemma 4.2 (ii), we know that z is adjacent to at most two of y 3 , y 4 and y 5 . If z is adjacent to at most one of y 3 , y 4 and y 5 , then there exists a coclique in ∆ with 5 vertices containing y 1 , y 2 and z, a contradiction. This shows that z is adjacent to exactly two of y 3 , y 4 and y 5 . Without loss of generality, we assume that z is adjacent to y 4 and y 5 , i.e., z is a vertex of∆(y 1 , y 2 , y 3 ). As {y 1 , y 2 , y 3 , z} is a maximal coclique in ∆ with 4 vertices, z is adjacent to all vertices of∆(y 1 , y 2 , y 3 ). From Lemma 4.2 (iv), we know that∆(y 1 , y 2 , y 3 ) has 17 vertices. This means that z has valency 16 in∆(y 1 , y 2 , y 3 ).
Assume that there exist three vertices z 1 , z 2 and z 3 of ∆ such that there does not exist a coclique with 5 vertices containing all of them. Then it is easy to see that∆(z 1 , z 2 , z 3 ) is a complete graph. In the following lemma, we study the size of the complete graph∆(z 1 , z 2 , z 3 ).
Lemma 4.4. Let Γ be a distance-regular graph with intersection array
{80, 54, 12; 1, 6, 60}. Let x be a vertex of Γ and let ∆ := ∆(x) be the local graph at x. Assume that there exist three vertices z 1 , z 2 and z 3 of ∆ such that it can not be extended to a coclique with 5 vertices. Let z 4 be a vertex of ∆(z 1 , z 2 , z 3 ) with valency t in∆(z 1 , z 2 ) for some integer t. Then t ≥ 15 and z 4 lies in a clique C of∆(z 1 , z 2 , z 3 ) with at least t − 4 ≥ 11 vertices.
Proof. As c 2 = 6, we know that z 4 has at most 5 common neighbors with each of z 1 , z 2 and z 3 . This shows that z 4 has valency t ≥ 15 in∆(z 1 , z 2 ) and that∆(z 1 , z 2 , z 3 ) has at least 1 + t − 5 ≥ 11 vertices. Note that the graph ∆(z 1 , z 2 , z 3 ) is a complete graph as z 1 , z 2 , z 3 do not lie in a coclique with 5 vertices. This means that a clique C of∆(z 1 , z 2 , z 3 ) containing z 4 has at least t − 4 ≥ 11 vertices.
In the following proposition we will show that a local graph of the distanceregular graph with intersection array {80, 54, 12; 1, 6, 60} does not have a coclique with 5 vertices as an induced subgraph. Proof. We recall that ∆ does not contain a coclique with 6 vertices (Propsotion 3.2). Suppose that ∆ contains a coclique with 5 vertices y 1 , y 2 , y 3 , y 4 and y 5 . Let us consider a graph Σ on 5 vertices 1, 2, 3, 4 and 5, where two vertices i and j are adjacent if i = j and there exists a vertex of∆(y p , y q , y r ) with valency 16 for {p, q, r} = {1, 2, 3, 4, 5} \ {i, j}.
Let i, j and r be distinct three vertices of Σ. From Lemma 4.2 (v), we know that∆(y p , y q ) contains a vertiex z with valency at least 16, where {p, q} = {1, 2, 3, 4, 5} \ {i, j, r}. By Lemma 4.3, we know that z is adjacent to exactly two of y i , y j and y r . Without loss of generality, we may assume that z is not adjacent to y r . Also Lemma 4.3 implies that z has valency 16 in ∆(y p , y q , y r ). Then two vertices i and j of Σ are adjacent, i.e., there exists an edge between arbitrary chosen three vertices of Σ. This shows that Σ does not contain a coclique with 3 vertices, and hence Σ is not bipartite.
We will show that Σ is triangle-free. Assume that Σ contains a triangle, say on {1, 2, 3}. Then there exist three distinct vertices z 1 , z 2 and z 3 of ∆(y 4 , y 5 ) such that each of z 1 , z 2 and z 3 has valency at least 16 and z i is adjacent to y j if j ∈ {1, 2, 3} \ {i}. By Lemma 4.3, we know that any maximal coclique containing z i , y 4 and y 5 (i = 1, 2, 3) has exactly 4 vertices and that z i is adjacent to all vertices of∆(y i , y 4 , y 5 ). By Lemma 4.4, each of y 1 , y 2 and y 3 lies in a clique C i of∆(z i , y 4 , y 5 ) with (at least) 11 vertices. Note that z i and z j (i = j ∈ {1, 2, 3}) are adjacent to all vertices of∆(y i , y j , y 4 , y 5 ), where∆(y i , y j , y 4 , y 5 ) is a clique with 6 vertices (see, Lemma 4.2 (iii)). As z i and z j (i = j ∈ {1, 2, 3}) have at least 6 common neighbors, z 1 , z 2 and z 3 are pairwise adjacent, and hence, none of z 1 , z 2 and z 3 lies in any of C 1 , C 2 and C 3 . Now we extend C i (i = 1, 2, 3) to a maximal clique D i inside∆(y 4 , y 5 ). Assume that {i, j, k} = {1, 2, 3}. Note that y i is in D i but y j and y k are not in D i . This means that D 1 , D 2 and D 3 are all distinct and that y i has at most 5 neighbors in each of D j and D k . As u i is adjacent to all vertices of ∆(y i , y 4 , y 5 ), u i has at least 6 neighbors in each of D j and D k , and hence u i is in D j ∩ D k . So, u i is adjacent to all vertices in C j and C k . This shows that C 1 , C 2 and C 3 are disjoint as C i is a clique of∆(u i , y 4 , y 5 ). As∆(y 4 , y 5 ) contains C 1 , C 2 , C 3 , z 1 , z 2 and z 3 ,∆(y 4 , y 5 ) has at least 3×11+3 = 36 vertices. This contradicts Lemma 4.2 (v) . Thus, Σ has no triangles.
As Σ is triangle-free and does not contain a coclique with 3 vertices, it is easy to see that Σ must be a pentagon. Without loss of generality, we may assume that 1 ∼ 2 ∼ 3 ∼ 4 ∼ 5 and 1 ∼ 5. Let u i be a vertex of ∆(y i−1 , y i , y i+1 ) with valency 16 inside∆(y i−1 , y i , y i+1 ) for i = 1, 2, 3, 4, 5, where y 0 = y 5 and y 6 = y 1 . By Lemma 4.4 and the fact that {u 1 , y 1 , y 5 } is a coclique that can not be extended to a coclique with 5 vertices, we see that y 2 lies in a clique C ′ 2 with 11 vertices inside∆(u 1 , y 1 , y 5 ). In a similar fashion, we see that y 2 lies in a clique C ′′ 2 with 11 vertices inside∆(u 3 , y 3 , y 4 ). As∆(u 1 , y 1 , y 5 ) and∆(u 3 , y 3 , y 4 ) has exactly 6 common vertices, namely the vertices of∆(y 1 , y 3 , y 4 , y 5 ). That is, the induced subgraph on
is complete. This means that y 2 lies in a clique C 2 with 16 vertices. This shows that y i lies in a clique C i with 16 vertices for i = 1, 2, 3, 4, 5. But u 4 is adjacent to all vertices of C 1 and C 2 . That is, there are two maximal cliques with at least 16 vertices that intersect. This contradicts Lemma 4.1 (iv). Thus, ∆ does not contain a coclique with 5 vertices.
5 No distance-regular graph with intersection array {80, 54, 12; 1, 6, 60}
In this section we will first show that any local graph ∆ of a distance-regular graph Γ with intersection array {80, 54, 12; 1, 6, 60} consists of 4 disjoint cliques with 20 vertices, i.e., the graph Γ is geometric. Then we will prove that there does not exist the distance-regular graph Γ. By Proposition 4.5 and the fact that 3(25 + 1) < 80 we find that all maximal cocliques in ∆ have 4 vertices. In the following lemma, for a given coclique in ∆ with vertices x 1 , x 2 , x 3 and x 4 , we consider∆(x i , x j , x p ), where i, j, p ∈ {1, 2, 3, 4}.
Lemma 5.1. Let Γ be a distance-regular graph with intersection array {80, 54, 12; 1, 6, 60}. Let x be a vertex of Γ and let ∆ := ∆(x) be the local graph at x. LetC be a coclique in ∆ with distinct vertices x 1 , x 2 , x 3 and x 4 . Then for j, p, q ∈ {1, 2, 3, 4},∆(x j , x p , x q ) is a clique with at least 11 vertices containing x i and there is the unique maximal clique in ∆ containinḡ ∆(x j , x p , x q ), where {i, j, p, q} = {1, 2, 3, 4}.
Proof. It is easy to see that∆(x j , x p , x q ) has at least 11 vertices containing x i as x i and x t has at most 5 common neighbors in ∆ for each t ∈ {j, p, q}. Also, any two vertices in∆(x j , x p , x q ) are adjacent otherwise there exists a coclique with 5 vertices. So,∆(x j , x p , x q ) is a clique in ∆ with at least 11 vertices containing x i . Now we consider vertices of ∆ that are either in∆(x j , x p , x q ) or adjacent to all vertices in∆(x j , x p , x q ). Then any two vertices of them are adjacent as they have at least 11 common neighbors, and hence those vertices induce a clique in ∆ containing∆(x j , x p , x q ). Conversely, a vertex of a clique in ∆ containing∆(x j , x p , x q ) is either in∆(x j , x p , x q ) or adjacent to all vertices in∆(x j , x p , x q ). So, the clique in ∆ with vertex set {x | x is adjacent to all vertices in∆(x j , x p , x q ), or x ∈∆(x j , x p , x q )} is the unique maximal clique in ∆ containing∆(x j , x p , x q ).
We denote the unique maximal clique in ∆ containing∆(x j , x p , x q ) by D(x i ) := DC(x i ), where {i, j, p, q} = {1, 2, 3, 4} and x 1 , x 2 , x 3 and x 4 are the vertices of a maximal coclique in ∆. And we denote the number of vertices in D(x i ) by d(x i ) := dC(x i ) for i = 1, 2, 3, 4. By Lemma 5.1, we see that d(x i ) ≥ 11 for i = 1, 2, 3, 4. Without loss of generality we assume that
In the following lemma, for a given coclique in ∆ with vertices x 1 , x 2 , x 3 and x 4 , we study sizes of D(x i ) ′ s. 
Proof. Let p = q ∈ {1, 2, 3, 4} be numbers distinct from i and j. Note that
are cliques with at least 11 vertices containing x q and x p respectively. Define C p and C q as the maximal cliques in ∆(x i , x j ) containing∆(x i , x j , x q ) and∆(x i , x j , x p ) respectively. Note that by Lemma 4.1, C p and C q have at most 4 common vertices. Now we consider a vertex y in∆(x i , x j ) \ (∆(x i , x j , x p ) ∪∆(x i , x j , x q )) (if it exists). As y has valency at least 15 in∆(x i , x j ), we see that y has at least (15 − 4)/2 > 5 neighbors in one of∆(x i , x j , x p ) and∆(x i , x j , x q ), say without loss of generality∆(x i , x j , x p ), i.e., y is adjacent to all vertices in∆(x i , x j , x p ). So, any vertex in∆(x i , x j ) is contained in C p or C q . If a vertex of∆(x i , x j ) is contained in both C p and C q , then the vertex has at least 27 neighbors in ∆, a contradiction. So, no vertex in∆(x i , x j ) is contained in both C p and C q . This shows that∆(x i , x j ) can be partitioned into two cliques C p and C q , and both C p and C q have at least 11 vertices. Note that D(x p ) and D(x q ) contain C p and C q respectively, i. 
